Abstract. We give an explicit description of a set of irreducible representations of a Weyl group which parametrizes the nilpotent orbits in the Lie algebra of a connected reductive group in arbitrary characteristic. We also answer a question of Serre concerning the conjugacy class of a power of a unipotent element in a connected reductive group.
Introduction 0.1. Let k be an algebraically closed field of characteristic exponent p ≥ 1. Let G be a connected reductive algebraic group over k and let g be the Lie algebra of G. Let U G be the variety of unipotent elements of G and let N g be the variety of nilpotent elements of g (we say that x ∈ g is nilpotent if for some/any closed imbedding G ⊂ GL(k n ), the image of x under the induced map of Lie algebras g → End(k n ) is nilpotent as an endomorphism). Note that G acts on G and g by the adjoint action. Let X G (resp. X g ) be the set of G-orbits on U G (resp. on N g ). We fix a prime number l, l = p. LetX G (resp.X g ) be the set of pairs (O, L) where O ∈ X G (resp. O ∈ X g ) and L is an irreducible G-equivariantQ l -local system on O up to isomorphism. Let W be the Weyl group of G. For any Weyl group W let Irr(W ) be the set of isomorphism classes of irreducible representations of W over Q. In [Sp] , Springer defined (assuming that p = 1 or p 0) natural injective maps S G : Irr(W) →X G , S g : Irr(W) →X g (each of these two maps determines the other since in this case we have canonicallyX G =X g ). In [L2] a new definition of the map S G (based on intersection homology) was given which applies without restriction on p. A similar method can be used to define S g without restriction on p (see [X1] , [X2] and 2.2 below); note that in generalX G ,X g cannot be identified. Now for any O ∈ X G (resp. O ∈ X g ), (O,Q l ) is in the image of S G (resp. S g ); hence there is a well-defined injective map S G : X G → Irr(W) (resp. S g : X g → Irr(W)) such that for any O ∈ X G (resp. O ∈ X g ) we have S G (O) = E (resp. S g (O) = E) where E ∈ Irr(W) is given by S G (E) = (O,Q l ) (resp. S g (E) = (O,Q l )). Let S G be the image of S G : X G → Irr(W). Let S g be the image of S g : X g → Irr(W).
In [L5] , we gave an a priori definition (in the framework of Weyl groups) of the subset S G of Irr(W) which parametrizes the unipotent G-orbits in G. In this paper we give an a priori definition (in a similar spirit) of the subset S g of Irr(W) which parametrizes the nilpotent G-orbits in g. (See Proposition 3.2.) This relies heavily on work of Spaltenstein [S2] , [S3] and on [HS] . As an application we define a 392 G. LUSZTIG natural injective map from the set of unipotent G-orbits in G to the set of nilpotent G-orbits in g (see 3.3); this map preserves the dimension of an orbit.
In [Se] , Serre asked whether a power u n (where n is an integer not divisible by p, p ≥ 2) of a unipotent element u ∈ G is conjugate to u under G. This is well known to be true when p 0. In §2 we answer positively this question in general using the theory of Springer's representations; we also discuss an analogous property of nilpotent elements.
1. Combinatorics
. This is a bijection if k is sufficiently large with respect to n. For n ∈ N let
Here k is large (relative to n), fixed. Let
. In the following result we assume that k is large relative to n.
We prove (a). Assume first that c s < c s+1 for some s
Hence we can assume that n > 0 and that the result is true when n is replaced by n ∈ [0, n − 1].
Assume first that we can find 0
, then we can assume that s is maximum possible with this property and there are two possibilities. Either c i < c i + 2 for all i ∈ [l, s] and then by the previous paragraph (with t = l) we see that (b) holds; or c i = c i + 2 for some i ∈ [l, s] and letting t − 1 be the largest such i we have 0 < t ≤ s, c j < c j + 2 for j ∈ [t, s], c j = c j + 2 for j = t − 1 and c t−1 = c t−1 − 2 ≤ c t − 2 < c t ; using again the previous paragraph we see that (b) holds. Thus we may assume that
holds. This completes the proof of (b). We prove (c). If n = 0 we have clearly (c * , c * ) ∈ d1 D n k . Hence we can assume that n > 0 and that the result is true when n is replaced by n ∈ [0, n − 1].
Assume first that we can find 0 
In this case we have n = 0 and (c * , c * ) ∈ d1 D n k so that (c) holds. This completes the proof of (c).
2. On Serre's questions 2.1. For any affine algebraic group H over k we denote by LieH the Lie algebra of
2.2.
We recall the definition of Springer's representations following [L2] . Let B be the variety of Borel subgroups of G. LetB = {(g, B) ∈ G × B; g ∈ B} and let f :B → G be the first projection. Let K = f !Ql . In [L2] it was observed that K is an intersection cohomology complex on G coming from a local system on the open dense subset of G consisting on regular semisimple elements. Moreover, W acts naturally on this local system and hence, by "analytic continuation", on K. 
We would like to define a similar map from Irr(W) toX g . LetB = {(x, B) ∈ g × B; x ∈ LieB} and let f :B → g be the first projection. Let K = f !Q l . Now if p is small the set of regular semisimple elements in g may be empty (this is the case for example if G = SL 2 (k), p = 2) so the method of [L4] cannot be used directly. However, T. Xue [X1] , [X2] has observed that the method of [L4] , [L2] can be applied if G is a classical group of adjoint type and p = 2 (in that case the set of regular semisimple elements in g is open dense in g). More generally, for any G which is adjoint, the set of regular semisimple elements in g is open dense in g. (Here is a proof. We must only check that if T is a maximal torus of G and t = LieT , then the set t reg of regular semisimple elements in t is open dense in t. Let Y = Hom(k * , T ). We have t = k ⊗ Y . Now t reg is the set of all x ∈ t such that for any root α : t → k we have α(x) = 0. It is enough to show that any root α : t → k is = 0. We have α = 1 ⊗ α 0 where α 0 : Y → Z is a well-defined homomorphism. It is enough to show that α 0 is surjective. This follows from the adjointness of G.) As in the group case it now follows that K is an intersection cohomology complex on g coming from a local system on g reg . Moreover, W acts naturally on this local system and hence, by "analytic continuation", on K . In particular, if O ∈ X g and i ∈ Z, then W acts naturally on the i-th cohomology sheaf
If G is not assumed to be adjoint, let G ad be the adjoint group of G and let g ad = LieG ad . The obvious map π : g → g ad induces a bijective morphism N g → N g ad and a bijection X g → X g ad . Now any G ad -equivariant irreducibleQ l -local system on a G ad -orbit in N g ad can be viewed as an irreducible G-equivariantQ l -local system on the corresponding G-orbit in N g . This yields an injective mapX g ad →X g . We define an injective map S g : Irr(W) →X g as the composition of the last map with S g ad .
2.3.
For any u ∈ U G , let B u = {B ∈ B; u ∈ B} and let O be the G-orbit of u in U G . Note that B u is a non-empty subvariety of B of dimension d O /2; see [S1] . Using this and the definition of S G we see that (O,Q l ) is in the image of S G . Hence there is a well-defined injective map
Similarly, for any x ∈ N g let B x = {B ∈ B; x ∈ LieB} and let O be the G-orbit of x in N g . Note that B x is a non-empty subvariety of B of dimension d O /2; see [HS] . Using this and the definition of S g we see that (O,Q l ) is in the image of S g . Hence there is a well-defined injective map S g : X g → Irr(W) such that for any O ∈ X g we have S g (O) = E where E ∈ Irr(W) is given by S g (E) = (O,Q l ) .
The maps S G , S g can be described directly as follows. For i ∈ Z, we may identify H i (B) (l-adic cohomology) with the stalk of H i K at 1 ∈ G; hence the W-action on K induces a W-action on the vector space
whose kernel is W-stable; hence there is an induced action of W on the image I u of f u . The W-module I u is of the formQ l ⊗ E for a well-defined E ∈ Irr(W). We have
whose kernel is W-stable; hence there is an induced action of W on the image I x of φ x . The W-module I x is of the form
2.4. Any automorphism a : G → G induces a Lie algebra automorphism a : g → g and an automorphism a of W as a Coxeter group. Now a (resp. a ) induces a permutation O → a(O) (resp. O → a (O)) of X G (resp. X g ) denoted again by a (resp. a ). Also a induces in an obvious way a permutation of Irr(W ) denoted again by a. From the definitions we see that aS G = S G a, aS g = S g a .
Let x → x p be the p-th power map g → g (if p > 1) and the 0 map g → g (if p = 1). The r-th iteration of this map is denoted by x → x p r ; this restricts to a map N g → N g which is 0 for r 0. The following result answers questions of Serre [Se] . Proposition 2.5. (a) Let u ∈ U G and let n ∈ Z be such that nn = 1 in k for some n ∈ Z. Then u n and u are G-conjugate.
We prove (a). Let O be the G-orbit of u and let O be the G-orbit of u := u n . Clearly, B u ⊂ B u . Since u is a power of u we have also
We prove (b). Let O be the G-orbit of x and let O be the G-orbit of x . Clearly,
3 remains the same if x is replaced by x . From the description of S G given in 2.3 we deduce that S g (O) = S g (O ). Since S g is injective we deduce that O = O . This proves (b).
Parts (a), (b) of the following result answer questions of Serre [Se] ; the proof of (b) below (assuming (a)) is due to Serre [Se] . . The proof of (c) is completely similar to that of (a); it uses S g instead of S G . The proof of (d) is completely similar to that of (b); it uses (c) and 2.5(b) instead of (b) and 2.5(a).
